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The radius of the circular orbit for the time-like or light-like test particle in a background of general
spherically symmetric spacetime is viewed as a characterized quantity for the thermodynamic phase
transition of the corresponding black hole. We generally show that the phase transition information
of a black hole can be reflected by its surrounding particle’s circular orbit.
I. INTRODUCTION
The discovery that a black hole possesses tempera-
ture and entropy [1, 2] provides us with thermodynamic
method to study the strong gravity system. Investiga-
tions of thermodynamics for asymptotically anti-de Sit-
ter (AdS) or asymptotically flat black hole have lasted for
several decades, ever since the proposition of Hawking-
Page phase tranition for the Schwarzchild-AdS black hole
[3].
The phase transitions of the asymptotically AdS black
holes have been studying intensively. That investiga-
tion, on some extent, could be divided into two stages.
In the first stage, the negative cosmological constant of
the asymptotically AdS black hole is viewed merely as a
constant itself [4–6], which results in the correlation be-
tween the spacetime action and its thermodynamic Hel-
holtz free energy, as well as the interpretation of the black
hole’s mass as its intermal energy.
In the second stage, the negative cosmological constant
of the AdS black hole is viewed as a thermodynamic vari-
able, named as the thermodynamic pressure [7], which
shows us that the mass of the black hole is in fact re-
lated to its enthalpy and the spacetime action is corre-
lated with its thermodynamic Gibbs free energy [8]. Ac-
cordingly, the recognition of the resemblance between the
thermodynamics of AdS black hole and everyday thermo-
dynamics has been raised to a new level [9].
The asymptotically flat black hole can be viewed as a
special case of the asymptotically AdS black hole with
vanishing cosmological constant. Correspondingly, ther-
modynamics of the asymptotically flat black hole, which
is not so complicated like the AdS counterpart, can be
viewed as a zero-cosmological constant case of the asymp-
totically AdS one [10, 11].
Phase transition of the AdS black hole, in view of
the AdS/CFT (Conformal Field Theory) correspondence
[12–15], can be explained on the thermal CFT. For ex-
ample, Hawking-Page phase transition can be regarded
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as a confinement-deconfinement phase transition in the
dual quark gluon plasma [3]. In the geometrothermody-
namics, the phase transition of the AdS black hole can
be reflected by the singularity of the thermodynamic in-
trinsic curvature scalar [16–19] as well as the thermody-
namic extrinsic curvature scalar [20–22]. To investigate
the phase transition of the black hole from different per-
spectives, including the recent interests in detecting the
relation between the particle orbit around the black hole
and the phase transition [23–25], which will be the start-
ing point of this paper, can deepen our comprehend of
the nature of the spacetime and the black hole.
The relation between the light-like circular orbit and
phase transition for the Reissner-Nordstro¨m-AdS (RN-
AdS) black hole, along with the relation for Kerr-AdS
background, was discovered that the radius of the phon-
ton orbit, being similar to the event horizon of the black
hole, can be a characterized quantity for the judgment
of the phase transition for the black hole [23, 24]. The
research was subsequently generalized to a case of the
time-like particle’s circular orbit in a backgroud of the
RN-AdS black hole [25]. In this paper, we will generally
show that the radius of the circular orbit of the light-
like or time-like particle around a spherically symmet-
ric (asymptotically flat or AdS) black hole can indeed
be well-behaved in reflecting the phase transition of the
black hole.
In Sec. II, we will analyze the property of the circular
orbit for a particle rotating around a spherically sym-
metric black hole. In Sec. III, we will inspect the phase
transition of the black hole in view of the circular orbit.
In Sec. IV, as an example, we will exemplify our general
result by analyzing the relation between the innermost
stable circular orbit (ISCO) of a time-like particle and
the phase transition of the RN-AdS black hole. Sec. V
will be devoted to our conclusion.
II. CIRCULAR ORBIT OF A PARTICLE
We consider a static spherically symmetric spacetime,
which can be generally described by the metric
ds2 = f(r)dt2 − dr
2
g(r)
− r2(dθ2 + sin2 θdφ2). (1)
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2The surface gravity of the black hole is
κ =
1
2
lim
r→rh
√
g(r)
f(r)
df(r)
dr
, (2)
where rh is the radius of the event horizon. Then the
temperature of the black hole can be defined as
T ≡ κ
2pikB
, (3)
where kB is the Boltzmann constant.
The Lagrangian of the particle’s geodesic motion in the
spacetime Eq. (1) can be written as
2L = f(r)t˙2 − r˙
2
g(r)
− r2θ˙2 − (r2 sin2 θ)φ˙2, (4)
where a dot means a derivative with respect to the affine
parameter λ of the geodesic. Without loss of generality,
we will set θ = pi/2 hereinafter. The canonical momenta
related to the spherically symmetric spacetime can be
derived from the Lagrangian as
pt =
∂L
∂t˙
= f(r)t˙ = E, (5)
pr = −∂L
∂r˙
=
r˙
g(r)
, (6)
pφ = −∂L
∂φ˙
= r2φ˙ = L, (7)
where E, L are conserved energy and angular momentum
of the particle, respectively. Then the Hamiltonian H of
the particle can be written as
H = ptt˙+ pr r˙ + pφφ˙− L, (8)
so that we have
2H = Et˙− Lφ˙− 1
g(r)
r˙2 = , (9)
where  = 1 is for the time-like particle on the geodesic,
and  = 0 is for the light-like particle. Substituting Eqs.
(5)-(7) into Eq. (9), we have
r˙2 = g(r)
(
E2
f(r)
− L
2
r2
− 
)
. (10)
Then the effective potential Ve of the system can be de-
fined by the equation
Ve + r˙
2 = 0, (11)
from which the expression of the effective potential can
be obtained as
Ve = g(r)
(
+
L2
r2
− E
2
f(r)
)
. (12)
According to the definition, the particle can only move
in the region where Ve 6 0.
The circular orbit of the time-like or light-like particle
can be yielded once we impose requirements
Ve(ri) = 0, (13)
V ′e (ri) = 0 (14)
onto the effective potential, where the prime denotes a
derivative with respect to the coordinate r and ri means
the radius of the particle’s circular orbit. The first con-
dition Eq. (13) means that the radial velocity of the
particle vanishes, and the second condtion Eq. (14) tells
us that there is no radial acceleration for the particle.
From Eq. (13), we can obtain
f(ri) =
E2r2i
L2 + r2i
. (15)
According to Eq. (14), we have
g(ri)
(
E2f ′(ri)
f(ri)2
− 2L
2
r3i
)
+
(
+
L2
r2i
− E
2
f(ri)
)
g′(ri) = 0,
(16)
from which we can obtain
f ′(ri) =
f (ri) g
′ (ri)
g(r)
+
2L2f (ri)
2
E2r3i
− f (ri)
2g′ (ri)
E2g (ri)
−L
2f (ri)
2g′ (ri)
E2r2i g (ri)
. (17)
Combining Eqs. (15) and (17), we get
f ′(ri) =
2E2L2ri
(L2 + r2i )
2
, (18)
which tells us
f ′(ri) > 0. (19)
III. PHASE TRANSITION OF THE BLACK
HOLE IN VIEW OF A PARTICLE’S CIRCULAR
ORBIT
Generally, there must be a relation between the event
horizon rh of the black hole which satisfies f(rh) =
g(rh) = 0 and the circular orbit ri of the particle which
meets the requirements Eqs. (13) and (14), such as
rh = rh(ri), or ri = ri(rh). (20)
According to Eqs. (19) and (20), we have
f ′(ri) =
df(ri)
dri
=
df(rh)
drh
drh
dri
> 0. (21)
3Considering Eqs. (2) and (3), we have
df(rh)
drh
> 0, (22)
because the temperature of the black hole should be pos-
itive. Then we can obtain
drh
dri
> 0, (23)
which implies that there is a monotonously increasing
relation between the event horizon radius of the black
hole and the circular orbit radius of the particle.
Though there are different phase transitions for black
holes, such as Hawking-Page phase transiton [3, 26],
Reentrant phase transition [27, 28], we here only discuss
the van der Waals (vdW)-like phase transition [9]. In
most cases, there are vdW-like phase transitions for AdS
black holes with hairs such as the electric charge [29–41].
The critical point of the vdW-like phase transition for
the black hole can be obtained by the equation
dT (rh)
drh
∣∣∣
rh=rhc
=
d2T (rh)
dr2h
∣∣∣
rh=rhc
= 0, (24)
where rhc is the critical event horizon radius of the black
hole. We just want to know whether this relation could
be transferred to the particle-circular-orbit-radius case.
As
dT (rh)
drh
∣∣∣
rh=rhc
=
dT (ri)
dri
dri
drh
∣∣∣
rh=rhc
= 0, (25)
we can know that there must exist a critical circular orbit
radius ric for a particle as
dT (ri)
dri
∣∣∣
ri=ric
= 0 (26)
after considering Eq. (23). Besides, the relation
T (rh) = T (rh(ri)) = T (ri) (27)
has been kept in mind. From the relation
d2T (rh)
dr2h
∣∣∣
rh=rhc
=
[
d
drh
(
dT (rh)
drh
)] ∣∣∣
rh=rhc
=
[
d2T (ri)
dr2i
dri
drh
+
dT (ri)
dri
d
dri
(
dri
drh
)]
∗ dri
drh
∣∣∣
rh=rhc
= 0 (28)
together with the conditions Eq. (23) and Eq. (26), we
can obtain
dT (ri)
dri
∣∣∣
ri=ric
=
d2T (ri)
dr2i
∣∣∣
ri=ric
= 0. (29)
From Eqs. (24) and (29), we can know that the critical
point on the T − rh diagram corresponds to the one on
the T − ri diagram. Apart from this, we can also know
that
dT (rh)
drh
=
dT (ri)
dri
dri
drh
> 0 or < 0 (30)
can correspond to
dT (ri)
dri
> 0 or < 0, (31)
respectively as we have the relation Eq. (23), which
means that the correspondence between T − rh diagram
and T − ri diagram exists beyond the critical points.
IV. AN EXAMPLE: ISCO OF A TIME-LIKE
PARTICLE AND PHASE TRANSITION OF THE
RN-AdS BLACK HOLE
We will show that the radius of the circular orbit for
the time-like particle can be an eligible quantity to reflect
the phase transition information of the black hole, using
RN-AdS black hole as a representative example. Specif-
ically, we here will focus on a special kind of the circular
orbit, named as the ISCO [42–52]. To obtain parame-
ters (such as radius ri) of the ISCO, we should add one
another condition
V ′′e (ri) = 0 (32)
to the effective potential Eq. (12) of the particle-black
hole system, which claims that the maximal and the min-
imal values of the effective potential merge at the ISCO
radius ri.
The mertric of the RN-AdS black hole can be obtained
while
f(r) = g(r) = 1− 2M
r
+
Q2
r2
+
r2
l2
(33)
is given in Eq. (1), where M,Q are respectively the mass
and electric charge of the black hole, l is the AdS radius
of the spacetime. The event horizon rh of the black hole
makes both the blackening factor f(r) and g(r) vanish.
The mass and temperature of the black hole can be ex-
pressed in terms of the event horizon rh as
M =
r3h
2l2
+
rh
2
+
Q2
2rh
, (34)
T =
3rh
4pil2
+
1
4pirh
− Q
2
4pir3h
. (35)
Correspondingly, the event horizon can be got from Eq.
(34) in a form of
rh = rh(M,Q, l). (36)
In what follows, we will discuss the vdW-like phase
transition for the RN-AdS black hole. In the phase tran-
sition, the critical event horizon rhc, temperature Tc, AdS
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FIG. 1. The event horizon rh of the black hole in terms of the radius ri of ISCO for the particle with Q = 1 and (A)
l =
√
675/(4pi) < lc, (B) l = 6 = lc, (C) l = 5
√
3/(2pi) > lc.
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FIG. 2. The temperature T of the black hole in terms of the event horizon rh and the radius of ISCO ri for the particle
respectively with Q = 1 and (A) l =
√
675/(4pi) < lc, (B) l = 6 = lc, (C) l = 5
√
3/(2pi) > lc.
radius lc of the black hole which can be got from Eq. (24)
respectively are [9]
rhc =
√
6Q, Tc =
√
5
18piQ
, lc = 6Q. (37)
When T < Tc, the temperature versus the event horizon
of the black hole shows oscillation behaviour. When T >
Tc, the oscillation behaviour disappears.
According to Eq. (12), the effective potential for the
particle-black hole system can be written as
Ve =
(
1 +
L2
r2
)(
1− 2M
r
+
Q2
r2
+
r2
l2
)
− E2. (38)
After using the constraint conditions Eqs. (13), (14) and
(32) for the effective potential Eq. (38), one can obtain
the radius ri of ISCO which can be expressed as a func-
tion of mass M , electric charge Q, and AdS radius l, as
ri = ri(M,Q, l). (39)
According to Eqs. (36) and (39), we can know that once
we choose one of M,Q, l as parametric quantity, we can
find a one-to-one mapping between the event horizon rh
of the black hole and the radius ri of ISCO for the time-
like particle, which can be shown as
rh = rh(ri)|l=const,Q=const (40)
or
ri = ri(rh)|l=const,Q=const. (41)
By numerical calculation, we can obtain the relation,
which exactly satisfies the derived result Eq. (23), be-
tween the event horizon radius rh and ISCO radius ri, as
shown in Fig. 1, where ri monotonously increases with
rh.
In Fig. 2, we find the relation between the temper-
ature T and the event horizon radius rh as well as the
relation between the temperature T and the ISCO radius
ri. From the figures, we can see that the T − rh diagram
and the T − ri diagram share the synchronized variation
trend. The correspondence between T ′(rh) and T ′(ri),
as well as between T ′′(rh) and T ′′(ri), showed in Sec. III
has been conspicously corroborated.
V. CONCLUSION
In this paper, we find that circular orbit of the time-
like or light-like particle around the spherically symmet-
ric black hole can reflect the phase transition informa-
tion of the black hole. We meticulously elaborate that
there is a correspondence between the T−rh diagram and
the T − ri diagram, including the critical point (in the
vdW-like phase transition) and the changing tendency
(which in fact reflects the thermodynamic stabibility) of
the black hole. Specifically, we investigate the relation
between the time-like particle’s ISCO radius and the RN-
AdS black hole’s vdW-like phase transition, as an exam-
ple. Our result is applicable to all spherically symmetric
black hole, including the hairy ones [53–59]. The result
also provides a general prospect connecting particle’s mo-
5tion around the black hole with the phase transition of
the black hole, based on which investigations of the black
hole thermodynamics and phase transition are on some
extent pushed forward.
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